Abstract. We investigate various module-theoretic properties of Koszul homology under mild conditions. These include their depth, S 2 -property and their Bass numbers
In particular H l−g−1 (y, M ) satisfies S 2 .
If (R, m) is Cohen-Macaulay and I is a Cohen-Macaulay ideal, Vasconcelos notes that H n−g−1 (y, R) is S 2 ; see [7, 1.3.2] . We prove: Theorem 1.3. Let (R, m) be a Gorenstein and I be a Cohen-Macaulay ideal. Then H n−g−1 (y) ∼ = Ext g R (H 1 (y), R). Next we consider the projective dimension of Koszul homology modules. Note that if I is perfect then H l−g (y, R) ∼ = Ext g R (R/I, R) has finite projective dimension. Theorem 1.4. Let (R, m) be a local Noetherian and let I be a perfect ideal with ν(I) = grade(I) + 2, where ν(I) denotes the number of minimal generators of I. Then projdim R H 1 (I) is finite.
We conclude with an estimate of certain Bass numbers of H 1 (I). Let ν(E) denote the minimal number of generators of an R-module E and let µ i (m, E) = ℓ Ext We now briefly describe the organization of this paper. In Section 2 we introduce some notation. In Section 3 we prove Theorems 1.2, 1.3 and 1.4. In Section 4 we prove Theorem 1.1. We conclude with an estimate of certain Bass numbers in Section 5.
Notation
In this paper all rings are commutative Noetherian. Let R be a ring, I an ideal in R and let M be an R-module (not-necessarily finitely generated).
2.1.
Let y = {y 1 , . . . , y l } be a set of generators of I and let K • (y, R) be the Koszul complex with respect to y. Set
be the Koszul co-chain complex with respect to y. Let K • (y, M ) and K
• (y, M ) be respectively the Koszul complex and co-chain complex with respect to y with coefficients in M . In this section we prove Theorems 1.2, 1.3 and 1.4
If

Let I
• be a "deleted" injective resolution of M ;
We consider the Hom co-chain complex C = Hom(K • , I
• ); see [10, 2.7.4 ]. Set
[with hypothesis as in 3.1] The spectral sequence { I E pq r } collapses; hence, for each i ≥ 0, we have
Proof.
The last equality is true since K p is a free R-module. It follows that
Hence the spectral sequence collapses at E 2 and the claim follows.
[with hypothesis as in 3
The last equality is true since I p is an injective R-module. Thus
3.4.
II E 2 -page in three Special Cases: We will consider the following three special cases
Cohen-Macaulay local ring with a canonical module, the ideal I is perfect (in particular A = R/I is CM) and M is a Maximal Cohen-Macaulay R-module.
(a) Since H 0 (y) = R/I has projective dimension g we get that Ext
is Noetherian local of dimension d and M is a finitely generated Rmodule. The ideal I is perfect and has l = µ(I) = grade(I) + 2. Finally, y is a minimal set of generators of I.
(b) Similarly as R/I has projective dimension g we get Ext
Proof of Theorem 1.2. Assume R, I, A, M are as in 3.4(ii). Recall II E r has differential of degree (r, −r + 1). Using the vanishing results in 3.4(ii) we get that
The only non-zero term in II E ∞ with total degree g + 1 is
We now prove our second main result.
Proof of Theorem1.3. Assume R, I, A are as in 3.4(i). We use the spectral sequence with M = R. Recall II E r has differential of degree (r, −r + 1). Using the vanishing results in 3.4(i) we get that
We now establish Theorem 1.4
Proof of Theorem 1.4. Recall II E r has differential of degree (r, −r + 1). Also recall that g ≤ d.
Using the vanishing results in 3.4iii we get
R (H 1 (y), M ) = 0, where the module M is an arbitrary R-module. So we get projdim R H 1 (I) < ∞.
An easy consequence to 1.4 is the following result.
Corollary 3.5. Let (R, m) be a Gorenstein local ring and let I be a perfect ideal in R with ν(I) = grade(I) + 2. Set A = R/I. Then H 1 (I) is a perfect R-module and a self-dual A-module Proof. By a result due to Avramov and Herzog [1, Supplement] , the ideal I is strongly CM. Using 1.4 we get that H 1 (I) is a perfect R-module.
Let ω be the canonical module of A. By 1.3 we have 
Let C
• be theČech complex on x. We write
(M ) for a R-module M . Consider the double complex X = K • ⊗ D • and set W • = Tot(X). We look at the two standard spectral sequences associated to X. Proposition 4.1. The spectral sequence { I E r pq } collapses; hence, for each i ≥ 0,
The result follows.
(H q (I)).
Proof
.
Surprisingly we have the following vanishing result. The following example shows that the result in Theorem 1.1 cannot be improved in general. By [3] , we get that height I = 3, so dim A = 5. Let y be the set of minimal generators of I. So l = 6, g = 3. Using MACAULAY [4] , one verifies that depth H 2 (y) = 2.
Here depth H 3 (y) = 5.
We now give the proof of Theorem 1.1.
Proof. We have to show the following
We use the two standard spectral sequences induced on the above double complex
Recall II E r has differential of degree (−r, r − 1). We also notice that
If depth H l−g (I) ≥ 3 then using the above vanishing results we get that
If depth H l−g (I) ≥ 4 then similarly as above we get
By an argument similar to (1) it follows that H 
Bass numbers
In this section (R, m) is a Gorenstein local ring. Let ν(E) denote the minimal number of generators of an R-module E and let µ i (m, E) = ℓ Ext i R (k, E) denote the i-th Bass number of E (with respect to m).
Theorem 5.1. Let (R, m) be a Gorenstein local ring of dimension d. Set l = ν(I), g = grade(I) and assume that l ≥ g + 2. We have the following (I) Assume I be a strongly Cohen-Macaulay ideal in R.
(II) Assume projdim R H i (I) is finite for all i. (Notice I need not be strongly Cohen-Macaulay). Then
Proof. Let F • be a "deleted" minimal free resolution of k = R/m, let I • be a "deleted" minimal injective resolution of R and let K • be the Koszul complex on a set of minimal generators of I.
Consider the double co-chain complexes
Since all complexes involved are first quadrant complexes we have X ∼ = Y; cf. [10, 2.7.3] . Both the cases considered involve computing the cohomology of Z • = Tot(X). We use the second standard spectral sequence associated to X to compute cohomology of Z
• . Notice Tot(X) ∼ = Tot(Y). We use the first standard spectral spectral sequence on Y to derive our results.
; the i-th Koszul cohomology of I. Now we compute the homology of D • . We use the second standard spectral sequence on
It follows that 
and using the second standard spectral sequence for X. So 
We now use the fact that X ∼ = Y. So Z • ∼ = Tot(Y). We compute the cohomology of Z
• by using the first standard spectral sequence on Y. Now we distinguish the two cases considered in the statement of the theorem Case (I): Assume the ideal I is strongly Cohen-Macaulay. Since H q (I) = 0 for q < g we have E pq 2 = 0 for q < g. Also since if H q (I) = 0 it is a Cohen-Macaulay R-module of dimension d − g we get E pq 2 = 0 for p < d − g. We look at elements of total degree d+1 There are only two terms of total degree d + 1. They will make up the filtration for H d+1 (Z • ) = k l . So
